Abstract: This paper discusses the fundamental natural frequency of a thin elastic rectangular, isotropic and orthotropic, plates with clamped corners. Rayleigh's method was used to analytically calculate the plate lowest natural frequency. In this solution, the vibration mode shape was assumed in a form that certi es the displacement as well as the rotational boundary conditions of the current problem. Finally, this paper provides useful information for evaluating the natural frequency of a plate with xed corners with di erent mass attachments con gurations.
Introduction
Rectangular elastic plates [1, 2] are widely used in engineering applications; e.g. in printed circuit boards and solar collecting panels. The exact solutions of free vibration of elastic plates are possible only for a few cases, particularly for plate structures with well-de ned boundary conditions. However, real-life vibration problems may pose some di culties in satisfying boundary conditions, such as plates having xed (or clamped) corners. In these cases, only approximate solutions, using Rayleigh methods, are available [3] .
In engineering applications, plates with clamped corners frequently appear in the fatigue life analysis of electronic printed circuit boards (PCBs). For the PCBs, the clamped constraint can arise from the fact that the elastic plate is clamped at each corner using threaded screws, washers and nuts to attach the plate structure to a base support. This type of attachment prevents both displacement and rotation of the structure at the support locations. This kind of problem has been thoroughly investigated us-ing the analytical solution of the superposition method invented by Gorman [5] [6] [7] [8] [9] [10] . However, this analytical-type solution is very complicated and considered to be impractical.
A similar problem that has been investigated in literature is the vibration of elastic plate with pinned corners. The pinned-corner support boundary condition scheme, unlike the clamped corner scheme, only prevents displacements at the support locations, having no restriction on the rotation. Xiang-sheng [11] used Rayleigh method to analytically approximate the rst resonant frequency of a plate having point-pinned supports at plate corners. Kim et al. [12, 13] used beam shape functions to solve for the de ections of plates with point supported at corners. Kerstens [14, 15] used a combination of Rayleigh-Ritz method and modal constraint method to obtain the free vibration problem of plates with such supports. As a powerful tool, the nite element analysis (FEA) has also been extensively used in the vibration analysis of plates with corner supports. Raju et al. [16] and Rao et al. [17] studied the natural frequencies of point-supported elastic plates using nite element method. Pitarresi and Kunz [18, 19] developed a simple technique using two-dimensional nonlinear least-squares t, and nite element simulations, to study the natural frequency of plates having point supports. Recently, Gharaibeh et al. [20, 21] employed the assumed mode method to evaluate the fundamental natural frequency of corner-supported plates using an electronic package.
In addition, elastic rectangular plates having corner supports may exist in many renewable energy and power generation systems such as concentrating solar power (CSP) systems, including solar dishes, parabolic trough solar collectors, and solar central receiver systems. The analysis and characteristics of vibrations of rectangular plates has been widely and extensively investigated based on various techniques. For example, Torabi et al. [22] studied the vibration characteristics of a rectangular plate having a circular central hole with point support, based on the Rayleigh-Ritz method, which is widely used, based on orthogonal polynomials and beam functions. Similarly, Li [23] employed the same approach to characterize vi-brations of rectangular plates with general elastic boundary supports. Watkins et al. [24] computed normalized frequencies of elastically point-supported rectangular plates using Eigensensitivity analysis. Shahrjerdi et al. [25] used second-order shear deformation theory (SSDT) to study the vibration of solar-graded plates. Du et al. [26] employed Fourier series method for the in-plane vibration analysis of rectangular plates with elastically restrained edges.
The current work discusses the fundamental natural frequency of an elastic rectangular plate having xed (or clamped) corners using the Rayleigh method. Both isotropic and orthotropic material systems were considered. In this paper, we rst start by introducing the problem of the plate with clamped corners and resulting boundary conditions. This is followed by the use of the Rayleigh method in the system's rst natural frequency analysis. Subsequently, the careful selection of the mode shape function that satis es the displacement and rotational boundary conditions of the problem is also presented. Finally, the natural frequency results for several geometric and mass attachment con gurations are discussed in detail.
Description of the Problem
The plate under consideration in the present work is shown in Figure 1 . The supports on the plate corners prevent both displacements and rotations at the support locations, and the edges are completely free elsewhere. The plate width is (a) and length is (b) with thickness (h). The complete set of boundary conditions can be described as: Displacement Moments
wxx (a, y) + νwyy (a, y) = (3b)
E ective shear forces
Natural Frequency Analysis by Rayleigh's Method
As previously mentioned, the present work aims to produce an approximate analytical solution for calculating the rst natural frequency of a plate with clamped corners using Rayleigh's method. Therefore, it is essential to express the general energy of the system, which is composed of the potential and kinetic energies of the plate structure. Considering an isotropic plate having a constant thickness, the plate potential energy (V) can expressed as [27] :
where
is the plate exural rigidity; h, E and ν are the plate thickness, plate isotropic material modulus of elasticity, and Poisson's ratio, respectively; w is the plate de ection in the transverse direction; wxx =
∂ w ∂x
, wyy =
∂ w ∂y
and wxy = ∂ w ∂x∂y . The plate kinetic energy (T) is [27] :
where ρ is the mass per unit volume of the plate material; w is the plate velocity in the lateral direction. The double integrals shown in Eq. (5) and Eq. (6) are evaluated over the plate surface area A. The de ection of the plate, whose motion is harmonic, is:
whereî is the complex numberî = √ − , ω is the vibration circular frequency, and t is the time. The function W(x, y) is the plate mode shape. The proper selection of this mode function will be discussed later.
To use Rayleigh's method, which is based on the energy conservation theorem, the maximum potential energy (Vmax) of the system must be equal to the kinetic energy (Tmax) of the system [8] :
where,
Therefore, the rst natural frequency of the plate is written as:
Considering orthotropic plate material system, the kinetic energy of the plate is still expressed as in Eq. (6) and Eq. (10) 
The accuracy of the calculated natural frequency of Eq. (11) and Eq. (13) greatly depends on the engineered selection of the mode shape function, W(x, y), to be discussed next.
Mode Shape Selection
As explained earlier, the proper selection of the mode shape in the Eq. (11) and Eq. (13) is very important. This mode function should be carefully selected in a mathematical form that satis es the problem displacement as well as rotational boundary conditions. For the current analysis, the plate is xed in all directions on the corners and free elsewhere. As formulated in Eq. (1) to Eq. (4), this type of constraint will result in zero displacements and rotations at the corners. Whereas the plate de ections and rotations on the edges are di erent from zero. Therefore, the mode shape of this problem can be formulated as:
where a and b are the plate dimensions in x and y directions, respectively. Also, constants C and C are the deections of the midpoints of the plate sides in x and y directions, respectively. The constant C represents the displacement of the plate center (x = a , y = b ). All mode shape constants are independent, as well as unknown, and therefore need to be determined. Obviously, the mode shape formulated in Eq. (14) completely satis es the displacement as well as the rotation boundary conditions of Eq. (1) and Eq. (2). However, the satisfaction of the bending moment and shear forces of Eq. (3) and Eq. (4), respectively, are not adequately achieved. Here, if we can satisfy the bending moment and/or e ective shear forces boundary conditions, we might be able to greatly increase the calculated natural frequency of Eq. (11) and (13) . Furthermore, this can decrease the number of the independent constants of the mode shape function, Eq. (14), therefore achieving much simpler solution. Consequently, we aim to satisfy the shear forces conditions of Eq. (4), having y = and x = , thus obtaining:
where β and β are constants depends on the plate aspect ratio b a , and Poisson's ratio is de ned as:
By applying Eq. (15) to Eq. (18), and into Eq. (14), the mode shape function can be modi ed to:
As can be clearly seen in Eq. (19) , the number of independent constants in the mode shape are reduced from three to one (C ). This will result, as expected, in much simpler and accurate solution for the plate with clamped corners problem.
For the orthotropic plate analysis, the shear boundary conditions of the current plate problem become [28] : 
Results and Discussions

Plate with xed corners with no mass attachments
To nd an equation of the xed-corners plate's rst natural frequency, and considering an isotropic plate system, we substitute Eq. (19), combined with Eq. (17) and Eq. (18), into Eq. (11) to obtain:
where a is the plate shortest length, and λ is the plate eigenvalue written as:
It important to mention that β and β of Eq. (25) are to be obtained from Eq. (17) and Eq. (18), respectively. As this eigenvalue is a function of β and β , then it is a function of plate aspect ratio b/a and Poisson's ratio ν only. Assuming that ν = . , then the values of β , β and λ for several plate aspect ratios are summarized in Table 1 .
To simplify the analysis, an empirical formula for calculating the plate eigenvalue as a function of the aspect ratio of the plate has been established. For this formula, the suggested general form is:
where a and a are unknown constants that need to be determined. To determine such constants, a non-linear regression analysis using MINITAB is performed. Thus: 
where:
It important to mention that β and β of Eq. (29) are to be obtained from Eq. (21) and Eq. (22), respectively. This eigenvalue is a function of a/b, Ex , Ey , νx and νy.
Plate with xed corners having mass attachments
After discussing the problem of a plate with xed corners, we have a look at the problem of a plate with two mass attachment types: -Case 1: Plate with xed corners with a centrally placed mass. -Case 2: Plate with xed corners with edge-centerplaced masses.
In the present analysis, only the isotropic plate material system was studied. The same procedure could be followed for orthotropic plate system. For case 1, the concentrated mass (M) is mounted at the plate center point (x = a , y = b ), as shown in Figure 3 (a). For case 2, as depicted in Figure 3(b) , four equal masses (the mass of each is M) are attached at the centers of the plate edges
. This mass addition will have no e ect on the structure's potential energy. Generally, however, for a plate with attached mass (either for case 1 or case 2), the kinetic energy of the system could be expressed as:
whereẇ(ζ i , η i ) are the velocities of the plate at the mass x-up locations, and N is the total number of attached masses.
Following the previously described natural frequency analysis procedure, the system's fundamental natural frequency is:
where α is the reduced coe cient of the mass, and it is function of plate aspect ratio b/a, and Poisson's ratio ν. Again, assuming that ν = . , then the values of α for several plate aspect ratios, for both cases, are summarized in Table 2 .
It is important to mention at this point that this mass addition has no e ect on the mode shape constants and plate eigenvalues, and their values are still equal to those listed in Table 1 .
As done previously, a general equation to calculate the reduced coe cient of the mass, for both cases, was formulated. The suggested general form for this equation is:
where c and c are coe cients determined using a nonlinear regression analysis as c = . , c = . for case 1, and c = . , c = . for case 2. A comparison between the tted formula and the actual (analytical) data of α is shown in Figure 4 . For both cases, the tted formulas are in excellent match with the analytically derived data.
As a special con guration, we shall consider the mass (M) of the added mass (or masses) to be a function of the plate mass. Thus:
where n is the plate mass fraction, and it can be any positive number: i.e., if n = . or n = , then the total added mass is half of the plate mass or double of it, respectively. Now, substitute Eq. (33) into Eq. (31), and after some simple mathematical manipulation we achieve:
or:
is the massed plate eigenvalue.
From Eq. (35) above, Λ is now function of b/a, ν and α, as well as n. Luckily, α is function of b/a (besides to ν), for both cases. Therefore, we can implicitly say that Λ is a function of b/a, ν and n only. As before, assuming ν = . , Table 3 and Table 4 summarize the values of Λ for di erent b/a and n combinations for case 1 and case 2, respectively.
To establish a formula to calculate Λ as a function of the plate aspect ratio and of mass fraction factor, for both cases, a general non-linear form, which is a combination of Eq. (27) and Eq. (35), was selected as follows: Here, a and a , for case 1 and case 2, are similar to those of Eq. (27) . Also, d and d are two unknown coe cients. To obtain them, a multi-parametric t was performed considering both case 1 and case 2. The resultant constant values are (d = . , d = . ) and (d = . , d = − . ) for case 1 and case 2, respectively. Figure 5 shows a comparison between the analytically derived data and the tted formulas for both mass attachment cases, for several plate aspect ratios. In conclusion, the Λ values for case 1 and case 2, from both solutions, are in a great agreement.
Conclusions
This paper has discussed the free vibration problem of plates with clamped corners. Rayleigh's method was used to analytically approximate the fundamental natural frequency of the plate under study. From this approximation, the plate eigenvalue was obtained for several plate dimensions. In addition, two types of mass attachments, namely plate with centrally placed mass and plate with masses on the edges centers, were discussed. A special con guration considering the mass of the added masses as a function of the plate mass was also presented. Finally, this paper developed non-linear equations for calculating the plate eigenvalues for both massed and un-massed con gurations. 
